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Dynamic projections from the surface of many motile cell types provide for variable 
contact with the extracellular environment and can be important in regulating cell mi- 
gration events. For example, during nerve development and regeneration, the sensory 
motile tip of the axon exhibits long, slender filopodia projecting ffom the growth cone 
periphery. Extension and retraction of these filopodia continually remodel the points of 
contact between axon and surroundings. Experimental studies show that filopodial con- 
tact with specific extracellular features can guide subsequent growth cone migration, 
suggesting a potentially important means of engineering nerve growth to repair nerve 
injury or construct biological neural networks. A simulation model is presented of the 
dynamic filopodial structure on the nerve growth cone based on recent experimental 
characterization. The model is analyzed to obtain quantitative relationships between 
average filopodial characteristics, which are commonly measured experimental quanti- 
ties, and the underlying parameters of individual filopodium dynamics. It is then ap- 
plied to simulate encounter between a growth cone and its target due to filopodial 
dynamics alone. Filopodial contribution to growth cone-target encounter is summarized 
in terms of a mean encounter time that is reminiscent of a first passage time for a 
difssing particle. The parametric relationships in this study provide a basis for firther 
investigation of filopodial-mediated mechanisms in nerve growth and other cellular pro- 
cesses. 

Introduction 
Many biological cells exhibit transient protrusions of the 

cell surface called filopodia, which appear randomly in space 
and time and are thought to serve as sensors of the extracel- 
lular environment. Events such as the homing of a growing 
nerve axon to a precise location in the embryo (O’Connor et 
al., 1990) or the advance of the archenteron in sea urchin 
morphogenesis (Hardin and McClay, 1990) are triggered by 
filopodial contact with specific cues in the surroundings. The 
link between filopodial contact and the occurrence of these 
events offers a potentially valuable means of controlling cel- 
lular behavior through appropriate cue placement or regula- 
tion of filopodial activity. Elucidation of specific rules for ex- 
ploiting this relationship would be greatly facilitated, how- 
ever, by a quantitative model of filopodial dynamics that can 
be used to investigate the fundamental mechanisms underly- 
ing filopodial mediated processes. As an initial step in devel- 
oping such a framework, this article addresses filopodial in- 
volvement in the process of nerve growth and regeneration. 

Filopodia are concentrated at the growth cone, which is 

the expanded, sensory-motile tip of the nerve axon where ax- 
onal growth occurs and pathfinding decisions are made (Fig- 
ure la). Typically about 0.1 pm wide and up to 50 p m  or 
more in length, filopodia are essential to normal axonal 
growth. Growth cones deprived of filopodia by pharmacologi- 
cal treatment trace out distorted trajectories in tissue culture 
(Marsh and Letourneau, 1984) and are unable to follow ap- 
propriate developmental pathways in the embryo (Chien et 
al., 1993; Bentley and Toroian-Raymond, 1986). Consider- 
able work suggests that filopodia sample their surroundings 
for discrete cues that guide the growth cone along the path of 
axonal extension in both in viuo (Oakley and Tosney, 1993; 
Myers and Bastiani, 1993a,b; O’Connor et al., 1990; Caudy 
and Bentley, 1986) and in uitro (Clark et al., 1993; Hammar- 
back and Letourneau, 1986) environments. Filopodial contact 
with specific extracellular features can serve to attract or re- 
pel the growth cone in a stereotypical fashion, as illustrated 
for several examples in Figure 2. 

Despite much experimental effort and a variety of systems 
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Figure 1. (a) Growth cone of a rat neuron in tissue 
culture; (b) simulated growth cone with the 
same mean characteristics as the experimen- 
tal growth cone. 
Y = 0.085, r e =  0.049 p m p ,  r,= 0.028 fim/s, ( N )  = 16, ( L )  
= 3.3 pm, (T,,,=) = 70 s; scale bar = 3 pm. 

in which growth cone filopodial behavior can be observed, 
the quantitative link between filopodium-cue contact and 
growth cone response has been difficult to elucidate. The 
greatest challenge is posed by the complex nature of filopo- 
dial dynamics, particularly their randomness. Measurement 
of filopodial dynamics on growth cones of chick and rat neu- 
rons showed that filopodia initiate at random time intervals 
and positions around the growth cone, and extend to random 
lengths before retracting (Buettner et al., 1994). Thus the 
filopodial structure of the growth cone is continually modi- 
fied, and the number and lengths of filopodia on a growth 
cone vary randomly with time. When filopodia are sparse, as 
is typically the case, filopodial sensing events that require di- 
rect contact with discrete targets become probabilistic in na- 
ture. The observation of quantitative trends in these events 
requires sample numbers that are not often feasible. 

An alternative is to develop a simulation model that en- 
ables computer experiments on growth cone and filopodial 
behavior. Recently, a model of dynamic filopodial structure 
has been proposed based on experimental parameters of in- 
dividual filopodium behavior (Buettner et al., 1994). The 
model is used here to investigate growth cone-target en- 
counter for the limiting case in which the growth cone main- 
tains a fixed distance from the target so that encounter oc- 

Figure 2. Paradigms of growth cone migration rnedi- 
ated by filopodial encounter. 
(a) In the limb bud of the grasshopper embryo, pioneer axon 
growth inward towards the central nervous system (CNS) oc- 
curs along a path (grey line) marked by “guidepost” cells 
(stippled), a series of targets which filopodia must contact to 
properly orient growth cone migration (O’Connor et al., 
1990; Bentley and Toroian-Raymond, 1986; Caudy and 
Bentley, 1986; Bentley and Caudy, 1983). The dashed line 
represents a segment boundary along which the growth cone 
migrates for a time as well; (b) growth cones advancing along 
a track of one substrate (stippled) migrate across a less fa- 
vorable strip (plain) to a second track of the first substrate 
after filopodial contact with it (unpublished observations) 
and do not migrate across unfavorable strips that filopodia 
cannot bridge (Clark et al., 1993); (c) a growth cone advanc- 
ing on a permissive substrate (stippled) will pause at a non- 
permissive border until filopodial contact with a neighboring 
permissive region enables it to bridge the nonpermissive strip 
(Hammarback and Letourneau, 1986). 

curs as a result of filopodial extension alone. A semi-infinite 
target is considered, with the target extending infinitely in all 
three directions away from the growth cone (Figure 3). This 
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Figure 3. Growth cone-target geometry employed in the 
simulation. 
The growth cone was approximated as a circle of radius r 
centered at the origin of a rectangular coordinate system. 
The target was separated from the leading front of the 
growth cone by a distance d,  with its left boundary at x = x b  
( = r + d )  and its other three boundaries at x -+a, y --f i m. 
Filopodia projected radially from the growth cone periphely 
at an angle 6, requiring e < i- q 2  and an extension length 
of d/cos 0 to contact the target. 

represents the situation, found both in vivo and in uitro, in 
which the growth cone approaches a target much larger than 
itself. Examples include extended regions of non-neuronal 
cells or other cues in the embryonic tissue (O'Connor et al., 
1990; Dodd and Jessell, 19881, a fascicle of other neurites 
(Myers and Bastiani, 1993a), and chemical or physical regions 
of a micropatterned substrate (Clark et al., 1993, 1987; Ham- 
marback and Letourneau, 1986; Lom et al., 1993). Encounter 
is characterized in terms of a mean encounter time, and its 
functional dependence on the parameters of filopodial dy- 
namics and growth cone-target distance is determined. The 
results indicate that filopodial-target encounter in the ab- 
sence of growth cone migration depends on both geometry 
and kinetics, a more complex dependence than has generally 
been assumed. Additionally, large variations in parametric 
sensitivity within the parameter space observed for filopodial 
dynamics in neuronal growth support the current hypothesis 
that filopodial contact may mediate a wide range of pathfind- 
ing behavior by the growth cone. 

Methods 
Simulation model of jZopodiul dynamics 

Since the development of the simulation model used for 
this work has been described in detail elsewhere (Buettner et 
al., 1994), only the essential points of the model are reviewed 
here. In brief, the dynamic filopodial structure on a simu- 
lated growth cone was modeled using a Monte Car10 ap- 
proach to generate individual filopodia at random intervals 
of time. The tip position of each filopodium generated was 
traced throughout its life cycle, which consisted of a single, 
continuous phase of extension to a random maximum length 
followed by retraction back to the initiation point. The quan- 
titative characteristics of these events are based directly on 

the experimental measurements of Buettner et al. (1994) and 
are summarized as follows: 

(1) Filopodial initiation is a Poisson event with a mean ini- 
tiation rate of v ;  the distribution of the number of filopodia 
generated per unit time interval At is given by 

(2) The time T,, for a filopodium to reach maximum ex- 
tension is described by the gamma distribution 

where the parameters a and P determine the shape of the 
distribution and are related to the mean (Tma) through the 
expression 

Note that the choice of the gamma distribution is empirical 
and that other distributions with the same shape could be 
used. The simulation results are unaffected by this choice 
since they depend only on the shape of the distribution. 

(3) Filopodium length L depends linearly on the rates of 
extension and retraction, yielding 

L = L,, - r,(t - T,,,) t 2 T,,, (4b) 

where L,, is the length at t = T,,, i.e., the length at maxi- 
mum extension. 

(4) Filopodia extend radially from the growth cone periph- 
ery, assumed to be circular, with the x- and y-coordinates of 
the filopodium tip given by 

~ ~ = ~ , + L c o s 6  and y,=y,+LsinO, ( 5 )  

where (x,,, yo) is the point of initiation and B is the initiation 
angle relative to the leading front of the growth cone (see 
Figures 3 and 4). 

(5) The point of initiation (x,,y,) of successive filopodia 
varies randomly around the growth cone periphery, but ex- 
hibits relatively uniform spacing between the filopodia pres- 
ent at any given time. This condition is achieved by dividing 
the growth cone into a number of sectors defined by the inte- 
ger nearest to the average number of filopodia per growth 
cone. As a filopodium is initiated, it is assigned with uni- 
formly random probability to an unoccupied sector. If all sec- 
tors are occupied, the filopodium is assigned, again with uni- 
formly random probability, to one of the occupied sectors. 
However, all sectors must fill with n filopodia before the (n  
+l)st is added to any sector. In this placement scheme, all 
filopodia within a given sector are placed at its center and 
thus project at the same angle (Figure 4). A realization of the 
resulting simulated growth cone is shown in Figure l b  and 
can be compared to a real growth cone with the same statisti- 
cal characteristics in Figure la. 
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Figure 4. Filopodial orientation scheme. 
The growth cone was divided into a number of sectors, 3t 
equal to the mean number of filopodia per growth cone, 
rounded off to the nearest integer. Filopodia were placed at 
the center of a given sector, with one sector always centered 
at 0" so that a filopodium placed in that sector contacted the 
target by extending a minimum distance d. Filopodia were 
assigned to sectors at random as described in the text. 

Simulation of filopodium-target encounter 
Growth cone-target encounter was characterized in terms 

of a mean encounter time representing the mean time in a 
population of growth cones for at least one filopodium per 
growth cone to contact the target 

seeds until the standard deviation was less than 5% of the 
mean encounter time for all runs at a given set of conditions. 
The first 10,000 s of filopodial activity for each growth cone 
was discarded to ensure that a steady-state filopodial config- 
uration had been achieved before testing for encounter. 

The parameter space for the simulation was set to encom- 
pass the range of values reported in the literature for v, re,  
and r, while maintaining the mean number and length of 
filopodia per growth cone ( N )  and ( L )  within their experi- 
mental ranges (Table 1). Since very little information is avail- 
able on the shape parameters a and /3 or mean of the gamma 
distribution of maximum extension times, a single representa- 
tive value of a//3 = 100 s (Buettner et al., 1994) was used 
throughout. Most encounter times are reported for a = 2, 
with several included at a = 5 for comparison. 

Results 
Average filopodial number and length 

Rules 1 through 3 of the simulation model provide analyti- 
cal relationships between the mean number and length of 
filopodia per growth cone and the dynamic parameters v, re, 
r,, a, /3. The mean filopodial number per growth cone ( N )  
is given by the average number of filopodia initiated during 
the mean filopodium lifetime (TI.)  

where ( T L )  = (T,,,) + ( T r ) ,  the sum of the mean time to 
reach maximum extension (Tma), and the mean retraction 
time (T , ) .  From Eq. 4, (T,,,,,) = (L,,,  ) /re ,  where ( L,,,) is 
the mean filopodium length at maximum extension. Since 
( Lma) also represents the total retraction length, the mean 
retraction time is (T , )  = ( Lmax)/rr.  Substituting these ex- 
pressions into Eq. 7 yields 

Table 1. Experimental and Simulation Model Parameter 
Values 

Exp. Values Experimental 
Measured Used in Data 

Parameter Range Sirnulation* Sources* * 
where ti is the time to initial contact by the ith growth cone 
and N is the number of growth cones in the population. The 
system geometly was defined by a circular growth cone of 
radius r at the origin of a rectangular coordinate system with 
the target located at x 2 x b  and extending to +a in the y-di- 
rection (Figure 3). The simulation was incremented at con- 
stant time steps of 1 s, two orders of magnitude less than the 
mean filopodial lifetime and at least one order of magnitude 
less than most encounter times. At each time step, the posi- 
tions of all filopodial tips projecting at an angle < 7r/2 were 
calculated and compared to the target boundary. If x ,  > x b ,  
the encounter time for that growth cone was recorded and 
the simulation looped to the next growth cone. The average 
encounter time for 1,000 growth cones with a given set of 
filopodial parameters (fixed v, re, r,, a ,  /3 was obtained from 
each run. Runs were repeated using new random number 

0.01 -0.06 
0.01-0.26 
0.01-0.27 
0.80-5 .O 
0.01-0.05 - _ _ - - _ _ - - _ _ - _ _ _ - _ _ -  

T,,, (s) 70-155 
4-25 
2-12 

0.01-0.05 2, 3 
0.05-0.20 1-3, 9-12 
0.05-0.20' 2, 3, 9, 12 
2.0, 5.0 3 

0.02, 0.05' 3 
100 3 
2-25 2-9 
3-15 2,5-8 

. . . . . . . . . . . . . . . . . . . . .  

*Values above the dashed line represent primary model parameters; 
model values below the line are determined from the preceding five pa- 
rameters through Eqs. 3, 8, and l l ,  respectively. 
** 1. Argiro et al. (1985); 2. Bray and Chapman (1985); 3. Buettner et al. 
(1994); 4. Cohan (1989); 5. Hammarback and Letourneau (1986); 6. Le- 
tourneau (1979); 7. Letourneau et al. (1986); 8. Letourneau et al. (1987); 
9. Myers and Bastiani (1993b); 10. O'Connor et al. (1990); 11. Sheetz et 
al. (1990); 12. Sheetz e t  al. (1992). 
'Subject to the constraint that 1 2; rJrr s 4, based on the experimental 
data cited. 
*Subject to the constraint that a/@ = 100 s. 
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or 

In addition, the instantaneous number of filopodia per growth 
cone is described by a Poisson distribution (Morse, 1958) 

and thus has a variance equal to its mean 

Equations 8 through 10 represent characteristics of a single 
growth cone observed over a long period of time or of a pop- 
ulation of growth cones observed at a given instant in time. 

The mean filopodial length per growth cone can be derived 
(see Appendix) to obtain the expression 

where p o  = exp( - (N)) is the probability that no filopodia 
are present on the growth cone, obtained by setting N = 0 in 
Eq. 9. Multiplying the righthand side by a/a yields 

For values of ( N )  2 5 ,  p ,  = 0, giving 

or 

Effect of mean filopodial length ( L ) on encounter time 
For each set of filopodial parameters, encounter times were 

obtained for distances d ranging from 1 to 6 times the mean 
filopodial length, given by Eq. 12, yielding distances ranging 
from 3.75 to 90 pm. When plotted against the dimensionless 
distance d/( L )  all encounter times for a given initiation rate 
v and ratio of extension to retraction r,/rr collapsed to a 
single curve. Thus, the encounter time is independent of the 
absolute values of re and r, within the range examined. All 
encounter times are reported below as a function of the di- 
mensionless distance. 

Effect of initiation rate v and ratio of extension to 
retraction rates re/rr 

Increasing either the rate of initiation v or the ratio of 
extension to retraction rates rJrr serves to increase the aver- 
age number of filopodia per growth cone (see Eq. 8b). How- 
ever, these two parameters have opposing effects on the mean 
encounter time. As illustrated in Figure 5 ,  encounter time 
decreases with increasing v and increases with increasing 
re),. The reasons for both effects center on the rate at which 
the front half of the growth cone can generate a filopodium 
long enough to contact the target. Coupled to this are geo- 

metrical considerations imposed by the placement scheme 
used to position the filopodia around the growth cone. The 
simplest case occurs with changes in rJrr at constant v. Re- 
ferring to Figure 6a, at v = 0.01 for example, as r,/rr in- 
creases from 1 to 4, (N) increases from 2 to 5. However, as 
illustrated in Figure 4, the number of sectors in which filopo- 
dia have access to the target remains at one for (N)  equal to 
2 through 4. The fraction of filopodia with access to the tar- 
get decreases over that range from 0.5 at ( N )  = 2 to 0.25 at 
( N )  = 4, since filopodia are distributed evenly among the 
sectors over a period of time. Even at ( N )  = 5 ,  where 3 
filopodia face the target, those at f72" must travel much 
further to reach the target [a distance of d/cos(72") = 3.24d], 
so that encounter effectively relies on the filopodium at 0" 
which represents only 20% of the total number of filopodia 
generated on the growth cone. Thus, encounter time changes 
significantly over this range of conditions. Increasing the rate 
of initiation at constant rJrr results in the same changes in 
filopodial configuration due to the increase in filopodial 
number, but the diminished fraction of filopodia at the front 
of the growth cone is offset by their greater rate of appear- 
ance. Considering the case of rJrr = 1, at v = 0.01, 50% of 
the filopodia generated occupy the position at 0". If v is in- 
creased to 0.02, only 25% of the filopodia occupy that posi- 
tion, but they appear at twice the rate so that the same total 
number is placed at 0" over a given period of time, and the 
encounter time remains the same between these two cases. 
As the number of filopodia per growth cone increases up to 
about 8 or more and the filopodia are placed at smaller angu- 
lar intervals, the frontward facing filopodia on either side of 
the 0" position begin to contribute non-negligibly to the prob- 
ability of encounter, and the mean encounter time becomes 
more sensitive to changes in v. However, at large ( N )  and 
constant v, changes in filopodial number have a diminishing 
effect on the fraction of filopodia that contribute to target 
encounter. 

A concise summary of the simulation results for d/( L )  > 2 
was obtained by fitting the mean encounter times generated 
for each parameter set (v, rJr,, a ,  p )  to an exponential curve 
of the form 

Not all parameter sets yielded distinct curves. Simulation re- 
sults from parameter sets yielding identical encounter times 
were thus combined into groups, as shown in Figure 6b, and 
Eq. 13 was fit to the combined data within each group. The 
fitted values of a, b and an estimate of the error in the fit are 
given in Table 2. Note that ( t )  increases linearly with either 
1 + rc/rr (small ( N ) )  or l/v (large ( N ) )  according to the fol- 
lowing expressions 

( t )  = 0.008(1+ r,/r,)e~p(l.33@(~)), Group A, B, C, D 
(14) 

( t )  = (0.0003/v)e~p(l.46~'(~)), Group E, F, G, H 

(15) 

The goodness of fit, estimated by the mean absolute frac- 
tional deviation (It ,  - tdl/td), where t ,  is the curve fit en- 
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Figure 5. Extremes of behavior in the mean encounter time with changes in the rate of initiation v and the ratio of 

extension to retraction rates re/rr. 
(a) For the smallest ratio rJrr = 1, little variation is seen with changes in u ;  (b) as the ratio r e p r  increases, the effect of Y increases. The 
maximum effect was seen at the maximum ratio r e / ,  = 4. Encounter time decreases with increasing u ,  the greatest sensitivity occurring at 
small u ;  (c) at small Y, increasing re/rr produces significant increases in the encounter time; (d) as v increases, the effect of rr/rr decreases. 
At the maximum value examined u = 0.05 s-', results at different values of r e p r  fell along the same curve. This was also true at u = 0.04 
s-'  (not shown). 

Figure 6. (a) Mean number of filopodia per growth cone corresponding to a given value of Y and re/r,; (b) regions of 
parametric sensitivity in the parameter space for dl (L )  > 2. 
Parameter combinations within a given letter group yielded mean encounter times that were indistinguishable from one another. In general, 
encounter times decreased from upper right to lower left. 
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Table 2. Parameters Fitting Simulation Results for 
d / (  L )  > 2 to Eq. 13 

Region a b ( I t ,  - tdl/td) 

A 0.015542 0.0227 
0.023539 0.0202 
0.031622 0.0156 

B 
C 
D 0.039649 0.0097 
E 0.015276 0.0280 

0.009928 0.0318 
0.007417 0.0420 

F 
G 
H 0.005838 0.0480 

1.3315 

1.4573 

counter time and t ,  is the corresponding simulated en- 
counter time, reflected less than 5% deviation in the curve fit 
to any of the data. The relationships in Eqs. 13-15 are empir- 
ical only and are provided for the sake of convenience in 
predicting encounter times. A variety of other curves were 
unable to provide a more satisfactory fit for either the entire 
range of d / (  L )  or d / (  L )  > 2. 

Mean encounter time curves are shown in Figure 7 
( d / ( L )  > 2) and Figure 8 ( d / ( L )  < 2). Results in Figure 7a 
are shown on a time scale of several days. Smaller portions of 
the plot in Figure 7a are expanded in Figure 7b to 7c to show 
time scales of one day (Figure 7b) and several hours (Figure 
7c). Times up to several hours are of significance for in vitro 
assays of filopodial encounter, as well as many in vivo events. 
Experimental considerations have generally limited the ob- 
servation of systems involving filopodial encounter, and de- 
tailed observation has been possible only in vitro or in inver- 
tebrates, in which development is rapid. Thus, an upper limit 
of meaningful encounter times has not been established. En- 
counter occurred in less than 30 min for all cases in which 
d / (  L )  < 2 (Figure 8). 

Effect of the distribution of maximum extension times 
An indication of the effect of encounter due to the distri- 

bution of maximum filopodial extension time was obtained by 
changing the parameter a (Eq. 2)  from 2 to 5 while keeping 
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Figure 7. (a) Mean encounter times for the entire pa- 
rameter space, dimensionless distance d/( L )  
> 2, plotted on a time scale of days (the let- 
ters next to each curve correspond to the pa- 
rameter groupings defined in Figure 6); (b) the 
same plot viewed on a time scale of one day; 
(c) the same plot viewed on a time scale of 
hours. 
Different time scales correspond to different experimental 
situations. 
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Mean encounter times for the entire parame- 
ter space, dimensionless distance d / ( L )  < 2. 
Top three curves each represent a single condition indicated 
by the values ( v ,  rJr,) next to each curve. The dashed curves 
indicate bounds on regions encompassing the parameter 
combinations indicated. Only the value of v is given when a 
region includes all values of rJr, for that v. 

a / @  constant. The resulting range of encounter 
shifted primarily to the left of those obtained for 

a = 2 (Figure 9). The gamma probability distribution, used to 
characterize maximum filopodial extension time, becomes 
more symmetrical as the parameter a increases. To maintain 
the same value of a/p, /3 must increase, which shifts the 
density of the distribution to the left. This increases the prob- 
ability of moderately short filopodia, resulting in generally 
shorter encounter times at values of d / ( L )  less than about 
3, and sharply increased times at longer distances. 

120 c 1 

Discussion 
Multiple mechanisms are believed to guide the growing 

nerve axon to its destination, but the lack of fundamental 
descriptions for individual guidance events has made it diffi- 
cult to develop a quantitative picture of the guidance process. 
In this article, a simulation model of filopodial dynamics has 
been employed to characterize a key step in many guidance 
scenarios, the encounter between filopodium and target. The 
results obtained from the simulation suggest that the most 
important factor in filopodial-target encounter in the absence 
of growth cone migration is the number of filopodia gener- 
ated per unit time with access to the target. This depends on 
both geometry and kinetics, and not simply on the average 
number or length of filopodia per growth cone, measures of- 
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Figure 9. Effect of change in the distribution of filopo- 
dial lifetimes on the range in encounter times. 
Changing the shape parameter n from 2 to 5 while holding 
the mean a/p constant shifts the distribution towards 
shorter filopodia and produces a sharp increase in en- 
counter times above d / ( L )  = 3. 

ten presumed to  indicate the growth cone's ability to detect 
the presence of guidance cues. 

The system geometry employed for the simulation ad- 
dresses the situation in which the target can be viewed as an 
infinite strip separated from the growth cone by a fixed dis- 
tance d. in uiuo, such a target may represent a segment 
boundary in the embryonic tissue (O'Connor et al., 1990; 
Caudy and Bentley, 1986; Figure 2a), fascicle of other axons 
(Myers and Bastiani, 1993a), or other extended regions of ex- 
tracellular cues (Dodd and Jessell, 1988). In uitro, targets of 
this geometry are commonly encountered as a second chemi- 
cal (Clark et al., 1993; Hammarback and Letourneau, 1986; 
Lom et al., 1993) or physical (Clark et al., 1987) region in a 
binary patterned substrate (Figure 2b to 2c). The assumption 
that the growth cone maintains a constant distance to the 
target is appropriate either when growth cone approach to 
the target is slow relative to the characteristic time of filopo- 
dial-target encounter, or when growth cone movement occurs 
only parallel to the target boundary (Clark et al., 1993; Fig- 
ure 2b), thus preserving the separation distance d. Although 
the simulation addresses targets with a rectangular geometry 
that are large relative to the growth cone, the rules eluci- 
dated from this study lend insight into several relevant modi- 
fications of the target geometry (Figure 10). From the above 
observation that filopodia in the sectors to either side of the 
one centered at 0" do not contribute significantly to the en- 
counter time until the number of sectors increases to about 8, 
it is reasonable to expect that the same encounter times would 
be observed for rectangular targets of any dimensions cen- 
tered about the x-axis when (N) < 8. For larger values of 
( N ) ,  as the target size decreases, adjacent filopodia that 
would have encountered a larger target are unable to make 
contact with the smaller one, leading to an increase in en- 
counter time. Another target geometry of interest is a circu- 
lar shape, with a dimension ranging down to that of the growth 
cone when the target is a single cell, for example (O'Connor 
et al., 1990; Caudy and Bentley, 1986; Bentley and Caudy, 
1983). As in the preceding case, when (N) < 8, the en- 
counter times presented here should be essentially un- 
changed for a circular target centered about the x-axis and at 
the same separation distance from the growth cone, regard- 
less of the target size. Again, at larger values of (N), en- 
counter times can be expected to increase with decreasing 
target diameter. In reality, filopodia are not perfectly con- 
strained to a radial extension from their initiation site, nor do 
they initiate at discrete positions around the growth cone. 
Thus, there will be some finite minimum target size for which 
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Figure 10. Other relevent target geometries, for which 
the current results can be interpreted under 
appropriate conditions. 
(a) Rectangular target with arbitrary finite dimension; (b) 
rounded target with arbitrary finite dimension; (c) rounded 
target with dimension similar to that of the growth cone. 
For ( N )  < 8, encounter time is determined primarily by 
the filopodium at 0", and hence will be similar to the re- 
sults for a semi-infinite rectangular target in all three cases. 
As adjacent filopodia contribute more to target encounter, 
decreasing target size and rounded geometry lead to an 
increase in the mean encounter time over those presented 
here. 

the results presented here apply, even for ( N )  < 8. Such de- 
viations generally occur on a scale somewhat smaller than the 
growth cone, suggesting a minimum target size on the order 
of the growth cone diameter. 

The simulation results are in accord with existing experi- 
mental evidence, though only preliminary or indirect compar- 
ison is possible with currently available data. A number of 
studies have indicated that the strategic placement of spatial 
cues can serve to attract the migrating growth cone along a 
desired pathway. For example, the growth of pioneer axons 
in the limb bud of the grasshopper embryo follows a path 
marked by several intermediate guidance targets. Filopodial 
encounter with these targets occurs quickly as the growth cone 
approaches the target at a distance approximately equal to 
the average filopodial length (O'Connor et al., 1990; Caudy 
and Bentley, 19861, though the exact distance varies, as ex- 
pected for a probabilistic encounter. Filopodial involvement 
in growth cone guidance has also been argued on the basis of 
changes seen in filopodial structure and dynamics with 
changes in extracellular environment. Growth cones elabo- 
rate their filopodia at key decision points in the embryo (Holt, 
1989; Tosney and Landmesser, 1985; Raper et al., 1983; 
Taghert et al., 19821, and exhibit significant filopodial changes 
in response to guidance targets (Berman et al., 1993; Myers 
and Bastiani, 1993b), specific growth substrates (Payne et al., 
19921, neurotransmitter (Haydon et al., 19841, chemical fac- 
tors regulating Ca++ influx (Rehder and Kater, 1992; Matt- 
son and Kater, 1987), and electrical fields (Davenport and 
McCaig, 1993; Davenport and Kater, 1992). The results pre- 
sented here support the notion that such alternations may 
serve to vary the sensitivity of the growth cone to the pres- 
ence of guidance cues by altering the probability of filopo- 
dial-target encounter. Figure 5 shows regions of both para- 
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metric sensitivity and parametric insensitivity in the en- 
counter time for the relatively narrow parameter space known 
to apply to growth cone migration. This provides for a wide 
range in encounter times with only subtle changes in filopo- 
dial dynamics in some regions of the parameter space, i.e., at 
high re/rr or low v, while smoothing out the variability in 
regions of low rJrr or high v. Although little is known yet 
about the values of these parameters in guidance vs. 
nonguidance situations, it is easy to imagine, as an example, 
growth cones in a noninstructive environment having low rates 
of filopodial initiation that are boosted by factors in the 
neighborhood of key pathfinding decisions, enhancing the 
probability of filopodial encounter with guidance cues. As 
filopodial initiation picks up and encounter becomes more 
certain, however, an increased sensitivity to guidance cues 
would seem unnecessary past a certain point, while a de- 
crease could be advantageous for limiting the variability in 
encounter times. The level of flexibility afforded by this or 
other possible scenarios supported by the simulation results 
for directing growth cone migration is consistent with the 
complexity known to be required to achieve the highly spe- 
cific patterning of the nervous system. At the same time, the 
simulation results contradict the implicit assumption that has 
been made in most experimental studies of growth cone 
filopodial dynamics, which have focused primarily on measur- 
ing the average filopodial number and length, and correlating 
these to growth cone behavior. As Figures 6 to 7 indicate, 
these mean quantities do not necessarily correspond directly 
to target encounter, nor do they reveal how the dynamic 
quality of filopodial behavior may contribute to the growth 
cone response. 

Comparison of simulation results with current experiments 
highlight several needs that must be addressed before the 
model can be validated and fully utilized. First, it is essential 
that filopodial dynamics be measured in sufficient detail to 
test Eqs. 8 and 11 and to evaluate the simulation of filopodial 
structure on the basis of statistical measures. Characteriza- 
tion of filopodial dynamics remains sketchy at present, as re- 
flected in Table 1. Extension and retraction rates have been 
determined on several occasions (Buettner et al., 1994; Myers 
and Bastiani, 1993b; O'Connor et al., 1990; Sheetz et al., 1990, 
1992; Argiro et al., 1985; Bray and Chapman, 1985) and gen- 
erally support the assumption of linear growth and shorten- 
ing, though nonlinearity (Argiro et al., 19851, pauses, and 
multiple alternating extension and retraction phases have 
also been observed (Myers and Bastiani, 1993b). Far fewer 
measurements of filopodial initiation rate (Buettner et al., 
1994; Bray and Chapman, 1985) or maximum extension time 
(Buettner et al., 1994) have been reported. Filopodial orien- 
tation, shown here to be a key factor in determining en- 
counter time, can vary considerably with extracellular condi- 
tions and there is evidence that other parameters of filopo- 
dial dynamics vary with filopodial position on the growth cone 
(Myers and Bastiani, 1993b). Both of these features will re- 
quire further characterization. A second experimental need 
is the observation and measurement of filopodial encounter 
events. The current study provides guidelines for designing 
experiments for this purpose. As Figure 7a shows, encounter 
times ranging from minutes to days can be achieved within 
the parameter space that applies here. Under experimental 
conditions, both in vivo and in vitro systems often deteriorate 
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in a matter of hours, making the observation of longer en- 
counter times unfeasible. In addition, the shorter the en- 
counter time the larger the number of events that can be 
observed. On the other hand, parametric sensitivity is greatly 
diminished if the encounter time becomes too small, with 
contact occurring in less than 5 min for most conditions when 
d/( L )  < 2. Based on these considerations, target distances of 
3-3.5 times ( L )  appear to be an ideal choice in many cases. 
Finally, to further address the role of filopodial-target en- 
counter in growth cone guidance, it will be necessary to de- 
termine the link between encounter and detection. In its cur- 
rent form, the model describes target contact by a single 
filopodium. However, it is possible that detection occurs at a 
higher contact threshold or involves receptor-mediated phe- 
nomena that do not correspond simply to a contact criterion. 
Insight into questions such as these will require the observa- 
tion of sequences of filopodial encounter-growth cone re- 
sponse and the hypothesis of mechanisms that connect these 
events. 

In summary, this work has produced a quantitative model 
that serves as a starting point for investigating filopodial me- 
diation of growth cone guidance. The mathematical relation- 
ships for the mean filopodial number and length and the sim- 
ulation results for the mean encounter time represent hy- 
potheses of the model that can be tested directly against ex- 
periment. In addition, they provide a means to suggest nonin- 
tuitive consequences of altering filopodia dynamics and to 
pinpoint the subcellular effects of experimental treatments 
that modify filopodial structure. The mathematical frame- 
work can be further expanded to provide a link between 
molecular events, cellular structure and function. In this way, 
it serves as a basis for a comprehensive, mechanistic model of 
filopodial-mediated growth cone guidance that may lend in- 
sight into the filopodial behavior of many other cell types as 
well. 
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Notation 
d = distance from growth cone to target, pm 
f, = fraction of filopodia with lifetime TLl 
L = filopodium length as a function of time, pm, Eq. 4 

L,,, = maximum extension length of an individual filopodium, pm 
me= notation for mr,e when m,,e is constant for all i 
m,=number of time intervals for which filopodium with life- 

time TL exists 
m,,e = number‘ of time intervals for which filopodium of maxi- 

mum length LmaXL extends 
mr, r=  number of time intervals for which filopodium of maxi- 

mum length L,,, retracts 
p(  * )  = probability density’ function for time to reach maximum ex- 

tension, Eq. 2, number of filopodia per growth cone, Eq. 9, 
or filopodial lifetime 

re = rate of filopodial extension, pm/s 
r, = rate of filopodial retraction, pm/s 
t = time since initiation of an individual filopodium 

td = simulated mean encounter time at a given value of d/( L )  
t ,  = time to initial filopodium contact by the ith growth cone in 

t ,  = curve fit mean encounter time at a given value of d / ( L )  
( t )  = mean encounter time, h 
TL = lifetime of an individual filopodium 

a simulated population 

T,,, = time for an individual filopodium to reach maximum ex- 
tension, s 

(T,,,) = mean time to maximum filopodial extension, s 
(T,) = mean filopodial retraction time 

x b  = x-coordinate of target boundary 

Greek letters 
0- angle of filopodial projection relative to leading front of 

US rate of filopodial initiation, s - l  

growth cone 
r( -) 5 gamma function 

0;- variance in the number of filopodia per growth cone, Eq. 8 
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Appendix 
Mean jilopodiul length 

The mean filopodial length per growth cone is determined 
by averaging the instantaneous mean length over M time in- 
tervals 

( L )  = [ Cl/Nl  + C2/N2 + ... + CM/NM 1 + M (Al l  

where Cj  is the sum of the Nj individual filopodial lengths 
present during the j th time interval and M is large. If we 
consider the ith filopodium, initiated during the (s - 1)st time 
interval and present through the (s + mi - 1)st interval, the 
sum of its contributions to the mean filopodial length over its 
lifetime is given by 

Li=[lis/Ns+li,s+I/Ns+l f a * *  + li,s+mi-l/Ns+mi-lI+M 
(-42) 

where l i j  is the length of the ith filopodium during the jth 

time interval. Its mean contribution over its lifetime is t i / m i ,  
which tends to a mean value 

when calculated for a large number of filopodia Q with the 
same lifetime mi. 

Since extension and retraction are linear and occur be- 
tween the same limits, i.e., lii takes on values between 0 and 
Lmm, in both cases, this relationship holds for each phase as 
well, with the number of time intervals in the filopodium life- 
time mi replaced by the number of extension or retraction 
time points (mi , e  + 1) or ( m i , ,  + 11, respectively. Thus, we can 
develop an expression for ( L ) ,  by considering one phase 
alone. The following treatment is presented in terms of the 
extension phase. 

If the ith filopodium extends for mi , ,  = me constant time 
intervals for length At then 

l i j  = r;[j-(s - 1>]At  j =  s -l,s, ..., me + s - 1 (A4) 

and 

Li / (me  + 1) = r;At(l/NS +2/NS+,  

+ + me/Ns+m,-l) i  + [ M . ( m ,  + 1 ) 1  (A51 

where the subscript i on the sum in parentheses indicates the 
fact that the enclosed sequence of values for N/ occurs dur- 
ing the lifetime of the ith filopodium. Summing the contribu- 
tions of all Q filopodia with the same maximum length re* 
m,At, during M time intervals produces an expression with 
Q .  me terms 

with s varying randomly from 1 to M - mi for the different 
values of i. However, not all the N/ will be unique. Assuming 
k distinct values, denoted by lowercase nj  to indicate the fact 
that j no longer represents the time interval but simply a 
different value of the filopodial number per growth cone 

where qrj is the total number of filopodia in their rth exten- 
sion interval when the number of filopodia per growth cone 
is nj. Since filopodial extension is independent of the num- 
ber of filopodia per growth cone, the number of filopodia in 
their ith extension interval should not differ for different val- 
ues of nj when M is large; hence, q X j  = q2i = ... = qm,- = q,,, 
and we can write 
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Substituting qjr = n j -p (n , )M 

or 

where p ( n j )  is the probability that a growth cone has nj 
filopodia, and p ,  is the probability of a growth cone with 
zero filopodia. Since LmZi  = r,m,Af,  this yields 

The mean filopodial length per growth cone is now obtained 
from a time-weighted average of the mean lengths for all pos- 
sible values of L,, 

where each ( L ) ,  is weighted by the fraction of filopodial life- 
times contributed by filopodia with a lifetime TL, 

Assuming a continuum of values for TL,, Eq. A12 becomes 

Since TL = (1 + re/rr)Tmax is a linear transformation, p(T,)  is 
a gamma distribution with the same form as p(Tm,), and 
(1 + re/rr) factors out everywhere in the numerator and de- 
nominator (Olkin, 1980); substituting L,, = r,T,,,, Eq. A14 
can be rewritten 
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